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DECOMPOSITION OF SUBMODULAR FUNCTIONS
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A decomposition theory for submodular functions is described. Any such function is
shown to have a unique decomposition consisting of indecomposable functions and certain highly
decomposable functions, and the latter are completely characterized. Applications include de-
compositions of hypergraphs based on edge and vertex connectivity, the decomposition of matroids
based on three-connectivity, the Gomory—Hu decomposition of flow networks, and Fujishige’s
decomposition of symmetric submodular functions. Efficient decomposition algorithms are also
discussed.

1. Introduction

Let f be a real-valued submodular function defined on subsets of a finite set E.
That is, for all 4, BCE we have

SA)+f(B) = f(AUB)+f(4NB).

We also assume, mainly for convenience, that f is normalized, that is, f(0)=0.
Several examples will be used throughout for illustration, so we introduce them now.
(We encourage the reader to check submodularity in each case.)

Example 1. (Network functions.) Let G be an undirected graph having vertex
set E and suppose we have a positive weight w; for each edge j. For ACE,
let f(4) be Z(w;:j has at least one end in A). (As a variant of this, we can let
f(4) be Z(w,:j has exactly one end in 4).)

Example 2. (Graph functions.) Let G be an undirected graph having no isolated
vertices and let E be its edge-set. Let f(A) be the cardinality of the set of vertices
incident with at least one element of A. (As a generalization of this, we can allow
G to be a hypergraph, and/or we can suppose that each vertex has a positive weight
with “‘weight” replacing “cardinality” in the definition of f(A4).)
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Example 3. (Matroid functions.) Let M be a matroid on E and let f be its
rank function:; that is, for each ACE, f(4) is the cardinality of any maximal
independent subset of A.

This paper presents a decomposition theory for submodular functions.
In the remainder of this section we introduce some basic ideas and handle the simple
theory of “direct sum” decomposition. Section 2 contains additional terminology
from decomposition theory and the statement of the main results. These assert
the uniqueness of a decomposition of any function into indecomposable functions
and certain highly decomposable functions, and completely characterize the latter.
In Section 3 we derive from these main results unique decomposition theorems
for the structures of Examples 1--3; some of these results are new. Section 4 relates
the present theory to that of symmetric submodular functions due to Fujishige [8],
which was the original motivation for this work. Section 5 contains the proof of
the main theorems. The first step is an easy application of the general decomposition
theory of Cunningham and Edmonds [5], while the characterization of the highly
decomposable functions is somewhat harder to prove. The last section discusses
the existence of efficient decomposition algorithms.

We define the connectivity function c; of the function f by

ep(A) = f()+f (A —fE)

for all ASE. (Throughout this paper A denotes ENA, for any ASE. For
a,bcE and ACE, we tend to denote AU {a}, A\ {b}, (AU{a})\{b} by the
less cumbersome expressions A-+a, A—b, A+a—b. We also abbreviate f({a})
to f(a).) We have the following easy result.

Proposition 4. If f is submodular and normalized, then c, is normalized, submodular,
non-negative and symmetric (c (A)=c AAD).

Proof. Clearly ¢, is normalized and symmetric. For any ASE,
c{A) = f(A)+f(A) - f(E) = fIEY+/®)—fE} =0,
so ¢, is non-negative. Finally, for 4, BGE
cp(A)+cp(B) = f(A)+f(AD—fE)+f(B)+f(B)—f(E)
= f(ANB)+f(AUB)+f(ANB)+f(AUB)—2f(E)
=c;(ANB)+c,(AUB),
so ¢, is submodular. |
We define &; to be min (¢ (4): @CACE); ¢p=< if |E[=1. Of course
¢,=0 and it is appropriate to consider the case when ¢,=0. (In what follows, we
will often drop the subscript from ¢, ¢.) In Examples 1 and 2, this corresponds

to the graph G (or hypergraph) being disconnected, and in Example 3 to the matroid
M being separable. Of course, these situations lead to natural decompositions
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of the network, graph or matroid into smaller structures. Before going on to a more
substantial notion of decomposition, we dispose of this simpler notion.

Proposition 5. If c¢(E))=0 for some non-trivial partition {E,, E;} of E, then
[ is the “direct sum” of its restrictions to E, and E,. That is, f(A)=f(ANE)+
+f(ANE,) for any ACE.

Proof. By submodularity, f(A)=f(ANE)+f(ANE,). But f(A)—f(ANE)—
—[UNE)=[(E,UA)—f(E)—f(ANE) = f(E)—f(E))—f(E=0. 1

By a slight abuse of usual terminology, we call E the domain of f. A function
f is non-null if its domain is different from @, and is separable if ¢=0. Therefore,
a function is separable precisely if it can be expressed as the direct sum of non-null
functions. A separator of f is a set ASFE having ¢(4)=0. Using Proposition 4,
it is easy to show that the set of separators of f is closed under intersection, union,
and complementation. Therefore, the minimal non-empty separators of f partition
E. Thus we have the following resuit.

Theorem 6. Each non-null, normalized, submodular function f has a unique expression
as the direct sum of non-null, non-separable functions. ||

2. Unique decomposition theorems

In view of the elementary theory of direct sum decomposition, we restrict
attention to non-separable functions f. Where f is non-separable we call a parti-
tion {E;, E,} of E a split of f if |E)|=2=|E,] and c(E;)=¢. In each of our
example functions, a split leads to a decomposition of the underlying structure
(and thus the function).

In Example 1, a split corresponds to a minimum weight cut of G which
is not induced by a single vertex. In the case when such a cut exists, Gomory and
Hu [9] decompose the network into two smaller networks, obtained by shrinking
first E;, then E,, to a single new vertex e. This is the basic step in their algorithm
for finding a minimum cut separating every pair of vertices of a network.

In Example 2, if f is non-separable and |E|=2, then ¢=1 or 2, since
c(e)=2 for any ecE. If ¢=2, G is a non-separable graph, and a split is a 2-separa-
tion of G [13]. Thatis, |E;|=2=|E,| and there are just two vertices u, v which
are incident with elements of both E; and E,. (A non-separable graph has no
2-separation if and only if it is 3-connected [13].) One can the decompose G into
graphs G,, G, where G; is the subgraph of G induced by E; plus a single new
edge e joining u to v. This decomposition is investigated in [13], [5] and else-
where. (The case in which ¢=1 is not so important; it leads to a variant of the
decomposition of graphs into blocks, which can be viewed as a special case of the
decomposition of [3].)

In Example 3, if f is non-separable and |E|=2, then c(e)=1 for all e,
so ¢=1, and a split is a 2-separation [14] of the matroid M. (Again, non-separable
matroids having no 2-separation are said to be 3-connected [14].) In this case it is
possible to decompose M into matroids M; on E;+e, i=1 and 2, where ed E.
Every circuit of M is either a circuit of M; not containing e or is of the form
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(C,UCy) —e where C; is a circuit of M, containing e. The resulting theory of
matroid decomposition is described in [5].

Now given a split {E,, E,} of a non-separable function f on E, we define
functions f;, f; on E;+e, E,+e respectively, where e¢ E, as follows. For any
ACE,, let

Ad) = FA),
fid+e) = f(AUE) +f(E)—f(E),

and similarly for f,. The reader can check that the decompositions of graphs,
networks, and matroids suggested above induce precisely this decomposition of
the corresponding submodular functions. It should be pointed out that, in contrast
to some more familiar notions of decomposition, the functions £, f; do not deter-
mine f uniquely. In fact this is not even true for the special classes arising from
Examples | and 2. We now establish a few of the essential properties of f;, f5.

Propesition 7. For i=1 and 2, f; is submodular and normalized, and satisfies
ci(Ay=c(A) forall ASE;. Also ¢,=C and, in particular, f; is non-separable.

Proof. Consider the statement f,(A)+fi(B)=f(ANB)+f,(AUB). If neither
A nor B contains e, neither of 4N B nor AUB does, and the result is immediate.
Now suppose that one of the sets, say 4, contains e and the other does not. Then

S +/1(B) = f(AUE,—e)+f(E) —f(E)+/(B)
= f(ANB)+f(4UBUE,—e)+f(E)—f(E)
=f1(ANB)+f,(4AUB).
Finally, if both 4 and B contain e,
A H£(B) = f(AU Ey— ) +1(BUEy— )+ 2(f (E) — (E))
= f((ANB)UE,—e)+f(AUBU E,—e)+2( f(E) —f (E))
=fi(ANB)+f(AUB).
Therefore, f; is submodular, and similarly so is f;.
Now ¢;(A)= fi(A)+/i(E\N\4 +e) — fiEy +e)
= f(A)+ f(A) + f(E) — f(Ey) —(f(E) + f(E) — f(Ey))
= c(A4).
it follows that ¢;=¢. But ¢;=¢, because &=c(E)=c(E)=¢. |}

Given a split {E,, E,} of f and fi,f, as above we write f—{f;,fs}, and
call {f1,fs} a simple decomposition of f, corresponding to {E,, E;} and the
marker e. A (general) decomposition of f is defined inductively to be either {f}
or a set D’ of functions obtained from a decomposition D of f by replacing
a member f; of D by the members of a simple decomposition of f;, where the
marker of this simple decomposition is not in the domain of any member of D.
If D” is obtained from D by a (non-empty) sequence of operations of the kind
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described above, then D” is a (strict) refinement of D. If the sequence consists
of just one operation, then the refinement is simple.

We can associate a graph 7' with any decomposition D of a function f.
The vertices of T are the members of D and the edges of T are the markers
of D; each marker joins in T the two members of D whose domains contain
it. It is clear that T is a tree. This “decomposition tree” provides a useful way to
visualize a decomposition.

Two decompositions D, D” of f are equivalent if D’ can be obtained
from D by replacing some of the markers of D by markers of D’. Notice that
this notion of equivalence is stronger than simply requiring that the members of
D and D’ be “pairwise isomorphic”. In particular, it implies that the two de-
composition trees are isomorphic. When we make statements about uniqueness
of decomposition, we mean uniqueness up to this equivalence. The decomposition
D of f is minimal with some property P if D has P and there does not exist
a decomposition D’ of f also having P, such that D is a strict refinement of D’.
A decomposition is trivial if |[D|=1. A function f is prime if it has no non-trivial
decomposition.

The simplest type of unique decomposition result would be one asserting
that each non-separable, normalized, submodular function has just one decompo-
sition consisting of prime functions. However, this is not true. Suppose, for example,
that f is the matroid function of a rank-one matroid, so f(4)=1 for non-empty
subsets 4 of E. Such a function has inequivalent prime decompositions if |E|
is at least 4, and has such decompositions having non-isomorphic decomposition
trees if |E| is atleast 6. In fact, this f has the property that every partition {E,, E,}
of E satisfying |E||=2=E,| is a split of f; if |E{=4, we call such a function
brittle. (Another example of a brittle function is the matroid function of the dual
of a rank-one matroid, defined by f(4)=min (|4, |E|—1), ASE.) By creating
a less symmetrical brittle function, we can exhibit even worse non-unigueness
properties. Suppose that |E|=4, fix BCE with |B|=2, and let f(4)=1+|BNA|,
for 82 ACE. Then f is brittle, and it is easy to see that it has prime decompositions
whose members are not even pairwise isomorphic.

There is another important class of highly decomposable functions, which
plays an important role in the decomposition theory. Say that the function f is
semi-brittle if there is an ordering e, ¢y, ..., €,., of its domain so that the splits
of f are precisely the partitions of the form {{e,-, ii1s oo Cigjm1)s {€itjs oeos e,-_l}},
where 0=i=n—1, 2=j=n-2, n=4, and subscripts are taken modulo »n. As an
example of a semi-brittle function, consider the graph function arising from a graph
G which is a polygon. (The same function arises as the network function of a polygon
in which every edge has weight 1.) By applying the theory of [5], we shall prove the
following result.

Theorem 8. Each normalized, non-separable, submodular function has a unigue
minimal decomposition, each of whose members is prime, brittle, or semi-brittle.

It is important to improve Theorem 8 by characterizing the brittle and semi-
brittle functions. First, let us observe that it is easy to create more of these functions
by combining or perturbing known ones. For example, if f is brittle or semi-brittle,
then so is the function af for any real number «>0, where of is defined by
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o (A)=af(A4) for all A. Also, if m is a normalized modular function then f+m
is brittle or semi-brittle if f is. (A function m is modular if both m and —m
are submodular; it is easy to see that every normalized modular function m is
determined by its values on singletons, so m(A4)= 3(m;: jcA) for all ASE, and
numbers m;, j¢E.) Finally, if f; and f, are brittle or semi-brittle, then so is their
sum, provided only that in the case when both are semi-brittle, the semi-brittle
orderings must agree. It follows that the brittle and semi-brittle functions are
numerous. However, except when |E|=4, they all arise via the above operations
from three basic functions, as the following result shows.

Theorem %a). Le [ be a normalized, non-separable, submodular function with
domain E,'E|=5. Then [ is brittle or semi-brittle if and only if

f=afitasfotofotm

where f; is the matroid function of a rank-one matroid on E, f, is the matroid func-
tion of its dual, f, is the graph function of a polygon having edge set E, m is a nor-
malized modular function on E, and oy, os, ds are non-negative reals, not all zero.
Moreover, the expression for f is unique, and if f is integer-valued, then oy, ay, o3
and m are integer-valued. Finally, [ is semi-brittle if and only if «3=0.

Surprisingly, Theorem 9(a) fails for |E|=4 (a fact pointed out by E. Tardos),
and there exists one more special function. Where E={0, 1, 2, 3}, define f, by:
[ =0, f((AD=2 if |A]|=1, f(4)=3 if 14]=2 and 4={0,2}, and f(4)=4
otherwise. It is easy to check that f; is non-separable, normalized, submodular
and semi-brittle.

Theorem Xb). Let f be a normalized, non-separable, submodular function with
domain E,|E|=4. Then f is brittle or semi-brittle if and only if

f=auhtafotasfito fi+m

where oy, oy, Uy, 05 dre non-negative reals, not all zero, and the semi-brittle orderings
for fy, fi agree. Moreover, this expression for f is unique, and if’ f is integer-valued,
then o, %, 03, 06, and m are integer-valued. Finally, [ is semi-brittle if and only
if og+oy=0.

3. Applications

In this section we show how unique decomposition theorems for the structures
in Examples 1—3 can be derived from Theorems 8 and 9. In each case we have
the following general situation. Each member N of a class .4 of concrete objects
(undirected connected networks, undirected non-separable graphs, non-separable
metroids) gives rise to a normalized non-separable submodular function fy. In
order to obtain a unique decomposition result for elements of 4, we proceed
through the following three steps:

(1) Show that for ecach Ne.&, fy determines N;
(1) Show that for Ne " if fyu—~{f, fi}»
then there exist N,, N.é A4 with fi=fy, i=1 and 2;
(iti) Use Theorem 9 to determine for which NeA” f is brittle or semi-brittle.
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Let us apply this program to Example 3 first. Then (i) is immediate, because
the rank function of a matroid determines the matroid. We have already indicated
the construction which handles (ii); we omit further details. Now for (iii) suppose
that f is a matroid function which is brittle or semi-brittle. For |E|=2 any non-
separable matroid function f satisfies f(E—j)=f(E) for all jeE, as does each
of f1, /s, f3, so m of Theorem 9 will be zero. For |E|=5 and any e<E we have
1=fle)=oy file)+ o, fole) + oy fo€) =ay +ota+ 20, Since  f is integer-valued, the
o; are non-negative integers, so the only possibilities are o;=1, ay=a3=0 and
ay=1, oy =03=0. Therefore, for |E|=5 there are no semi-brittle matroid functions,
and the only brittle ones are f; and f,. It is straightforward using Theorem 9(b)
to obtain the same conclusion for |E|=4. Let us call the corresponding matroids
“bonds” and “‘polygons”. As a consequence of Theorem 8 and the above analysis,
we obtain the following unique decomposition result ([5], Theorem 18).

Theorem 10. Each non-separable matroid M has a unique minimal decomposition
each of whose members is 3-connected, a bond or a polygon. ||

Now we turn to Example 2, non-separable graphs. In considering (i), we
first observe that multiple edges (and loops) are easy to recognize. Next, we observe
that a set ASE is the set of edges incident to a vertex of a simple graph G if
and only if A4 is maximal with the property that f(4)=|A|+1 and f(B)=3 when-
ever BS A, |B|=2. Therefore, f does determine G uniquely, up to the names of
the vertices. We have already described the construction which proves {ii). Finally,
we treat (iii). Let f be a brittle or semi-brittle graph function. As before, we can
conclude that m=0, and for |E|=5 we get 2=f(e)=0,+a,+20;, where the
o; must be non-negative integers. So there are four possible solutions, 2f;, 2/3, f3.
and fi+f;. Of course, f; is a graph function, arising from a polygon. Also 2f;
is a graph function, arising from a bond: a non-separable graph having two vertices.
We shall show that the other two are not graph functions. For any two elements
a,beE, 2f,({a, b})=4, so if 2f, arises from a graph G, then no two edges of
G have a common end; this is impossible if G is non-separable. Similarly,
(fi+2{a, b)Y =3, so if fi+f; arises from a graph G, every two edges have
exactly one common end; this 18 impossible if |E[=4 and G is non-separable.
Finally, in the case |E|=4 the same reasoning leads to one additional possibility:
that f, itself is a graph function. But if so, then the graph has 4 vertices, 4 edges,
and no triangles, so it has graph function f;, not f,. It follows that 2f;, f, are
the only brittle or semi-brittle graph functions. The resulting uniqueness theorem
([5), Theorem 1) is stated below. (This result bears a strong resemblance to Theorem
10, but it is not a consequence of Theorem 10. 1t is stronger than the specialization
of Theorem 10 to *“‘graphic’” matroids.)

Theorem 11. Each non-separable graph has a unique minimal decomposition each
of whose members is 3-connected, a bond or a polvgon. |

Now we consider Example 1, networks. In order to make a neater unique
decomposition theory, we assume that the underlying undirected graphs have no
loops or multiple edges. (The former assumption is mainly for convenience.) It
is easy to see that a network is determined by its function f, because the weight
of the edge (if any) joining u, v¢E is f(E)—f(EN{v, v}). The construction which
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demonstrates (ii) has already been described. Now suppose that f is a network
function which is brittle or semi-brittle. Since the underlying graph G is loopless,
J(E—=))=f(E) for all jeE, so m of Theorem 9 is zero. If |E|=5, we can assume
that f=a fi+d fa+05f;. (But, unlike the previous cases, we cannot assume that
the «; are integers.) Now any network function satisfies 3 (f(e): ec E)=2f(E).
Therefore, 3 (a;+ap+205: e€ E)=2(ty+as(|E|—1)+05|E|), which implies that
o (JE|=2)=0y(|E|—2). Since |E|#2, we can conclude that «;=u,. For u, vcE,
let w denote the weight of the edge (if any) joining # to v in the underlying graph.
Then w=fu)+f0)—f{u, v}), so w=oy+o, if f;({z, v})=3, and w=x, other-
wise. Now we can easily compute weights of cuts in the underlying graph. The
weight of a cut induced by a single vertex is 20,4+ |Ee;, and the weight of a cut
induced by a pair w,v of vertices satisfying fi({u, v))=3, is 20, +Q[E|—2)a,.
But the latter cannot exceed the former, and |E|>2, so o;=0. (A similar argument
shows, in the case |E|=4, that «y=o0,=a,=0.) Therefore, f=a4f; and the only
brittlre or semi-brittle network functions arise from a graph which is a polygon,
each edge of which has the same weight (=o;). We obtain the following result,
which is new, but strongly suggested in the work of Fujishige [8].

Theorem 12. Each connected, positive-edge-weighted undirected network has a unique
minimal decomposition consisting of such networks, in each of which either every
minimum capacity cut is induced by a single vertex, or all edges have equal weight
and the underlying graph is a polygon. |}

The generalization suggested in Example 2, “weighted hypergraphs”, actually
inctudes network functions also as a special case. To see this, take the vertices
of the hypergraph to be the edges of the network and the edges to be the vertices,
keeping the same definition of incidence. (In fact, there is a second equivalent
version of the weighted hypergraph function, related to the first by hypergraph
duality. in which the roles of edges and vertices are exchanged. The first lends
itself to a decomposition based on vertex connectivity and the second to one based
on edge connectivity. We continue to consider the first version, but it may be useful
to translate some of what follows, including Theorem 13, into the language of the
second.) In order that this generalization satisfy (i) we make the assumption that
no two vertices u, v of the hypergraph H be incident with the same edges of H.
Otherwise, # and v could be replaced by a single vertex having weight equal to
the sum of their weights without changing the hypergraph function. For convenience,
we also assume that every vertex of H is incident with at least two edges of H.
It is true that the function of H determines H, including the vertex weights, up to
the names of the vertices. There is a reasonably straightforward inductive proof
of this fact, which we omit. The construction which proves (ii) is a natural extension
of the one for Example 2. Suppose that {E,, F,} is a split of H, and e4 E. For
i=1 and 2 we form a hypergraph H; having edge-set E;+e¢ and vertex-set the
set of those vertices of H incident with at least one edge in E;. Each of these
vertices has the same weight in H; as it does in H and each edge in E; has the
same incident vertices in H; as it does in H. The edge e is incident in H, to
the set of vertices of H incident to at least one edge from each of E, and E,.

Now we want to characterize the weighted hypergraph functions f which
are brittle or semi-brittle. By assumption, f(E—{j})=f(E) for all jcE, so
we can assume that m=0 in Theorem 9. Now we can take E={0,1,2,...,n—1}
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where f,({0, 1) =/5({1, 2})=3. Let S; be the set of vertices of the hypergraph
of f which are incident to j, foreach j€E. Where f=ua, fi+o,fo+0,f; by Theorem
9, we have f({0, 1, 2})— f({0, 1P =0+ az=f({1, 2}) — f({1}). Therefore, S;\S,=
=S\(S;USy), so S,NS,CS,. It follows from this and the assumption that
every vertex is incident with at least two edges that f(ENJ{0, 2))=f(E). That is,
oy +ao(n —2)+agn=0, +ox(n—1)+azn, so «,=0. In the case |[E|=4 the above
analysis leads again to the conclusion that f({1, 3})=/(E)=/({0, 2}), which implies
o, =0, and then o,=0. On the other hand, every function of the form o, f;+ayf;
is a weighted hypergraph function. It arises from the hypergraph having vertex-
set {0, 00,01, ..., 0,4} Wwith S;={v,v;,v,4,} for each jeE={0,1,..,n—1}
(with arithmetic modulo n); v has weight «, and each v; has weight ;. Let us
call such a weighted hypergraph a wheel. Of course, there are two degenerate
wheels. If o;=C, we simply delete v from the vertex-set and from each §;; if
ay;=0, then we get a hypergraph having a single vertex v, with each §;={uv}.
(It is a slightly inconvenient fact that the bond graph does not appear in this gener-
alization. It has been excluded by the assumption that no two vertices should be
incident with the same edges, and is replaced by the degenerate hypergraph with
o, =2,2,=0.) As a consequence of Theorem 8 and this analysis we obtain the
following resuit.

Theorem 13. Each connected weighted hypergraph has a unigue minimal decomposi-
tion, each of whose members is a prime or a wheel. ]

We remark that, just as our results, Theorems 8 and 9, will be derived from
the general theory in [5), Theorems 10—13 could also be derived in this way. There
are a number of other applications of this theory [3], [5]. It would be interesting
to know the extent to which these applications are contained in the theory for sub-
modular functions. Of course, it is possible that there exist applications in which an
appropriate submodular function exists in principle, but cannot be defined in a
natural way.

4. Symmetric Submodular Functions

A decomposition theory for normalized symmetric submodular functions
can be derived from the present theory, by considering the induced decomposition
of the connectivity function. Namely, if f—~{f, f;}, then we write ¢,—~"{c,,, ¢,,},
where — is a decomposition relation for symmetric submodular functions. In
order to be able to apply this theory to the symmetric variant, it is necessary to
show that every normalized symmetric submedular function g is a connectivity
function. But this is easy to see: g=c,, where f=1/2g, for c(4)=1/2(g(4)+
£(4)—g(E))=g(A).

The resulting decomposition can be defined directly, as follows. Let g be
a normalized symmetric submodular function having domain E. Let ¢=
min (g(4): 8CACE). If ¢=0, then g is separable and we obtain it as a direct
sum of “smaller”” such functions. Otherwise, if {E,, E,} is a partition of F with
|E)|=2=|E,| and g(E))=¢, we define a symmetric function g; with domain
E4e,i=1 and 2, by g(4)=g(4), ACE,

This is essentially the approach taken by Fujishige [8], which inspired the
present work. This symmetric approach has the disadvantage that it provides
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weaker uniqueness results: a function is not generally recoverable from its connecti-
vity function. For example, a matroid function and its dual have equal connectivity
functions. Therefore, although a decomposition theory for symmetric submodular
functions based on this idea may be said to generalize matroid decomposition
theory, it also weakens it, since the main unique decomposition theorem for matroids
(Theorem 10) is not a corollary.

Applying Proposition 7 and Theorem 8, we obtain the following unique
decomposition theorem for symmetric functions. (The reader should be able to
supply the nmissing definitions.)

Theorem 14. Fach wnormalized, symmetric, non-separable submodular function has

a unique minimal decomposition, each of whose members is prime, brittle, or semi-
brittle. |

The decomposition of Theorem 14 is closely related to Fujishige’s “canonical
decomposition™ [8]. We can go on to characterize the brittle and semi-brittle
functions. For |E|=35, these are the connectivity functions of functions of the
form a fit A fotag fs+m as in Theorem 9(a). 1t is easy to see that each such
function Is a non-negative combination of the connectlvny functions of fi, f3, f3,
and m. The connectivity function g, of f; or of f, is given by 2@ =g(E)=
g:(4)=1 for §c ACE. The connectivity function g, of f; is given by g (A)—
number of edges of G having just one end in A4, where G is a polygon with
vertex-set E. The connectivity function of m i3 ldentlcally zero. Therefore, the
resulting characterization is the following.

Theorem 15(a). Let [ be a normalized, non-separable, symmetric submodular function
with domain E, |E|=35. Then f is brittle or semi-brittle if and only if =181+ 0385
for non-negative reals f, B, not both zero. Moreover, the expression for f is unigue,
and | is semi-brittle if and only uf 5;=0. |}

For the case |E|=4, we must consider also the connectivity function g,
of f;. It is defined by: g (0)=g(E)=0, g,({0, 2})=g,({1, 3})=3, g«(4)=2 other-
wise. We omit the statement of the resulting Theorem 15(b).

5. Proofs

Theorem 8 can be proved quite easily by applying the general theory in
Cunningham and Edmonds [5]. Let & be the class of normalized, non-separable,
submodular functions. For each fe¢%, E(f) denotes the domain of f and —, as
defined in Section 2, is a relation asscciating elements f of % with two-element
subsets {fi,fa} of #. A iriple such as (&, E. —) was defined in [5] to be a de-
composition frame if four axioms are satisfied. These are F1—F4 of Theorem 16
below; in other words, the content of Theorem 16 is that (&, E, —) is a decomposi-
tion frame.

Theorem 16. (F, E, —~) satisfies:

Fl. If feZ and f—{fi, s}, then for some ed& E(f) and some partition {E,, E,}
of E(f) with |E[=2=|E,|, we have E(f))=E;+e, E(f)=E,+e.



DECOMPOSITION OF SUBMODULAR FUNCTIONS 63

F2.  For a split {E,,E,} of feF and e{E(f), there is exactly one simple
decomposition {f\, fo} of f with marker e corresponding to {E,, Ep}.
(In the situation described in F2 we denote by f(E;; €) the function f,
i=1 and?2.)

F3. Let {E,, E,} be a split of fc# let ACE,, and let e{E(f). Then
{4, E(f)\A} isasplit of f if and only if {4, E\\A+ ¢} is a split of f(E,; e).

F4. Let {E,, E,}, {Es, E4} be splits of f¢F such that E;CE,, andlet e, g4 E(f),
ex#g. Then f(Ey; e)(Ey: g)=f(Es; 8), and f(Eg; elE\Es+e, &)
=f(Eys; gNENE2+g; €).

Proof. The truth of Fl1 and F2 is immediate from the definitions, and F3 follows
from Proposition 7. To prove F4, let f; denote f(E;;e) for i=1 and 2, let
fi denote f(E;;g) for i=3 and 4, let fi; denote f(E;;g), let f,, denote
JU(ENEs+e; g), and let f,; denote f{{EN\E,+g;e).

Let ACE;. Then fii(4)=f(A)=f(4)=fs(4). Moreover,

Sis(A+8) = A((EX\E)U A +e)+f(Es)—fL(E +e)
= fIAUE) +f(E) —f(E)+S(E)—(f(EY+f(ED)—f(E))
=fAUE)+f(E))—f(E)
=fs(4+g)

Therefore, fi3=f5.
Now let 4SS ENE;. Then fi(A)=fi(A)=f(A)=1fy(A)=L1(4). Also

(A +8) = AU E)+fL(ENN\Es+e)—fi(E,+e)
= fAU Ep) +f(E)+f(E) —f(E)—(f(E)+f(E)—f(E))
=AU E)+f(E)—f(E)
=/i(A+8) =fu(4+2)

By symmetry we also have f,(A+e)=/f(A+e).
Now

Su(A+e+2)=f(AUE;+e) +f1(E1\E3+e)—f1(El+e)
= fIE;UEU )+ £ ()~ (EY+f(E)+F(E) —f(E)
—(f(E)+A(E)—F(E))
= fIE,UE;U A) +f(E) +f(E)—2f(E).

By symmetry the last expression must also be the value of f,(4+e+g), s0 fu=/ia»
and F4 is proved. [

The next result shows that the decomposition frame (&, E, —~) enjoys an
additional important property, called the intersection property ([5]).

Theorem 17. Let {E,, E;} and {E;, E,} be splits of fe&F, such that |E,NE; =2
and E\UE;=E(f). Then {E\N\E;, E,UE,} is also a split of f.
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Proof. By Proposition 4, 2c=c(E)+c(E)=(E,NE)+c(E;UE)=2¢.  Thus
c(Ey(Eg)=¢. Clearly, |E.NE,|=2=|E,UE,|, so the result follows. ]

Theorem 4 of [5] states that any “‘object” of a decomposition frame having
the intersection property has a unique minimal decomposition consisting of prime,
brittle, and semi-brittle objects. Thus the present Theorem 8§ follows from that
result and Theorems 16 and 17. The remainder of the section is devoted to the proof
of Theorem 9.

The first step is to find the “modular part” of a brittle or semi-brittle function.
Actually, the following result is of more general interest; it indicates that every
submodular function has a canonical expression as the sum of a modular function
with a “totally normalized polymatroid function”. A polymatroid function, or
f — function [7], is a normalized submodular function which is also increasing:
S(A)=f(B) whenever 42 B. A function [ is totally normalized if f{E—{j})=/(E)
for all je E=E(f).

Theorem 18. Let f be a normalized submodular function with domain E. For each
JEE, let m;=f(E)y—fE—~{j}). Let f’ be defined by f'(A)=f(A)— 3 (m;:jcA)
Jor all ASE. Then f' is a totally normalized polymatroid function. Moreover,
the resulting expression f=f’'+m is the only expression for f as the sum of a totally
normalized polymatroid function with a modular function. Finally, c;.=c; and if

feF and f-{fi, 1z} then f"—{f7,fs} |

The proof is straightforward, and is omitted. As a concrete example of the
process described above consider the variant suggested in Example 1, f(4)=
= >'(w;: exactly one end of j isin A). This f is not increasing, and it is easy to
check that f* of Theorem 18 is just 2g, where g is the network function associated
with the same graph.

(An important consequence of Theorem 8 is this: To minimize a general
submodular function f, it is enough to minimize a function of the form f'(4)+
2 (x;1 jeENA), where x is a real-valued vector and f’ is a polymatroid func-
tion. This observation has also been made by Wolsey [15]. The special case of the
latter problem in which [ is a matroid function has been solved by an efficient
combinatorial algorithm [4].)

Now we continue the proof of Theorem 9. It is easy to see that a function
expressible in the form f=uo, fi+ayfy+2s/5+m is brittle or semi-brittle, and is
semi-brittle precisely if a;>0. Now suppose that E={0, 1, ..., n—1}. An interval
iIs a set ASE of the form {i,i+1, . .si+j} for 0=i=n—1I, 0=j<n—1, with
arithmetic modulo n. A sequence A, ..., 4, of disjoint intervals are consecutive
if A;UA;,, is also an interval, 1=/=k~—1. Clearly, every proper non-empty
subset can be expressed uniquely as the union of disjoint, mutually non-consecutive
intervals. Since f is brittle or semi-brittle, we may assume that every interval
A such that |4|=2=|A4| satisfies c(4)=¢. In fact, this must hold for 4/l intervals,
because for each jeE, c(j)=c(j—1, j)+c(j,j+1)—c(j—1,J, j+1)=¢ by Propo-
sition 4. Moreover, by Theorem 18 we may assume that f(E—{j})=f(E) for all
JEE, so f()=E+f(E)—fE—{j}=¢.

We proceed through a sequence of elementary results. The next one can be
proved by the technique used in Theorem 17; we omit the details.
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Lemma 19. I A, B are intervals such that ANB#=0 and AUB#E, then f(A)
+f(B)=f(ANB)+f(AUB). |

Lemma 20. For j<FE, f(j,j+1) is independent of .
Proof. f(E)+¢=f(E—j)+f(j+1)
=AE—{j,i—1D+f(,j+1) (by Lemma 19)
=AEY+E—f(,j—D+SfU, j+1).
Therefore, f(j,j+1)=f(j,j—1) for all j, and the result foilows. [j
Define p by f(j,j+1)=c+p; because [ is increasing, p=0.
Lemma 21. For any interval A, f(A)=c+p(|A|—1).

Proof. If |A|=k+1, then by Lemma 19, f(4)=/f(B)+ f(C)—f(D), where B, C, D
are intervals with |B|=|C|=k, |D|=k —1. The result now follows from Lemma 20
by a simple induction. ]

Lemma 22. If A, B, C, D are consecutive intervals whose union is not E such that
ID|=1, then f(AUCUD)=fAUC)+p.

Proof. f(AUCUD)—f(AUC)=(CUD)—f(C)=p, by Lemma 21. But similarly
f(AUCUDY—fAUC)=f(AUBUCUD)—f(4AUBUC)=p. |

Lemma 23, Jf |E|=35, then there is a fixed number g such that for any A, §C ACE,
S =c+p(JA]—1)+qtk—1), where k is the number of intervals comprising A.
Moreover, 0=g=p=c—gq.

Proof. For k=1, thisis just Lemma 21. For k=2, it can be proved from Lemma
22, as follows.

Since |E|=3, every set which is comprised of two intervals can be converted
into any other by a sequence of single-element additions and deletions as in Lemma
22. By that result, the effect of an addition is to add p to f(A), and the effect of
a deletion is to subtract p. It follows in particular that every two-element set A
which is not itself an interval has the same f-value; we define g by flA)=¢+p-+q
for such 4. Now the result for general 4 and k=2 follows by induction on |4].

We prove the main claim by induction on k. Let A=U(4;: 1=i=k)
where 4,, By, ..., 4;, B, is a sequence of consecutive intervals whose union is E.
Then A+ f(A,UBUA)=fA,UA)+(AUB). So

J(A) = ¢4 p([As|+ Ao = D+ g+ 4+ p(JA]+ B =D+ q(k—2)—
—(C+p( A +|Bi|+ 45| = 1)) = e+ p(|4|—1)+ gk —1).
Similarly f{AUB)+f(AUB)=f(A)+ f(AUBUB,). So
f(A) = e+ p(A|+|Bi| = D+ glk—2)+ ¢+ p(|A|+|Bo| = D+ q(k—2)—
—(C+ pUA]+ By +[Bo| = D+ g(k=3)) = e+ p(l4]| =D+ g(k—1).

5'
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Finally, we must check the conditions on g¢. First,

ctp+g=70,j+2
= é4+2p+i—(E+p)

=c+p, so g=0.

Since f i§ increasing, we have ¢+2p=f(j—1,/,j+D=f(—1,j+1)=¢+p+g, so
p=q. Finally, 2e=f())+/(j+2=/f(j,j+2)+f@)=C+p+q, so p=t—q. |}

We can now finish the proof of Theorem 9(a). Given a non-empty set ACE
comprised of k intervals, we have HA=], f(A)=|4| and f(A)=|4|+k. So
choosing a3=q, ay=p—q, 0 =C—p— q gives f(4)=a fi(A) + s fo(A) + o5 f5(A),
with «,, o, ;=0 by Lernma 23, and it is easy to see that this works also for 4=9
and FE. It is straightforward to check that «,, a,, o, are uniquely determined by
considering A={j}, {/,j+1}, {J,j+2} and solving. Finally, if f is integer-
valued, then clearly so are (m of Theorem 18 and) ¢, p,gq and hence q, ay, os.
This completes the proof of Theorem 9(a). |

The reader who feels by now that the case |E|=4 is a nuisance, has my
sympathy. To prove Theorem 9(b), we first observe that the stated condition for
f to be brittle or semi-brittle is sufficient. Next, we point out that the proof of
necessity for |E[=5, up to but not including Lemma 23, applies also to |E|=4.
Now, where E={0,1,2,3}, we may assume that f({0,2})=f({1,3}). Let ¢
=f({1,3)—(c+p) and let r=f({0, 2})—f({1, 3)). Arguments almost identical
to those at the end of the proof of Lemma 23 will show that ¢=0, g+r=p, p+gq
+r=¢ and (of course) r=0. Choosing oy=C—p—q—r, de=p—qg—r, dy=¢q,
a,=r gives f of the required form, and the «; are integer-valued if f is. Finally,
the uniqueness of the «; is established by considering the system of equations
arising from choosing 4= {0}, {0, 1}, {1, 3}, and {0, 2}.

6. Decomposition Algorithms

In this section we treat briefly the question of the efficient construction of the
decompositions described in this paper. We consider both the general case, in which
the submodular function f is assumed to be available only via an oracle which
can produce f(A4) as output, given input A4, and special cases like Examples 1
and 2, and concrete versions of Example 3, in which some structure defining f is
also available. As usual an algorithm is considered to be efficient if the number
of steps is bounded by a polynomial in the problem size. In the general case, the
problem size is |E| plus the maximal encoding length of a value of f, and f-eval-
nations are assumed to be single steps. In the special cases, the problem size is the
length of the encoding of the structure defining f.

By Theorem 18, we can assume that f is a polymatroid function. The problem
of finding the minimal non-empty separators of a polymatroid function can be
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solved by a simple variant of the method indicated below for determining a split
of a non-separable function. But there is a simpler and much more efficient combina-
torial algorithm for this problem [2]. It requires only O(|E|?) elementary steps,
counting f-evaluations as single steps. (Another algorithm having these properties
has been suggested by Lovasz [11].)

Let us suppose that f is a non-separable polymatroid function and we wish
to find a split {E,, E,} of f, or determine that none exists. An idea introduced
in [6] for the matroid case can be used here. Let B, C be disjoint subsets of F and
let £'=EN\(BUC). Define functions f;, f, with domain E’ by: f;(4)=f(4UB)—
—f(B), fl(A)=f(AUC)—f(C), for any ASE’ It is easy to show that fj, f;
are polymatroid functions on E’. Notice “that min (f(4)+f(A): BSACSC)=
=min ( f,(4’ J+L(ENA): A/SE )—'—f(B)+f(C) The latter problem is itself
a problem of minimizing a submodular function, and can be solved in polynomial
time by a method of Grotschel, Lovasz and Schrijver [10], based on the ellipsoid
method. (It can also be solved as a “‘polymatroid intersection problem”, but cur-
rently the only polynomial-time method for this class of problems also uses the
ellipsoid method.) By choosing |B|=|C|=1 sufficiently many times and applying
the above reduction each time, we can compute ¢. Then, choosing IBI—IC |=2
sufficiently many times we can compute min (f(4)+/f(A): ASE, |A|=2=|4))
and find a split, if one exists.

Now we consider the special functions of Examples 1—3. In each of these
cases testing separability is quite easy, and we go on to the problem of finding
a split. In Example 1, it is quite easy to use techniques for finding minimum capacity
cuts, with slight modifications, to obtain a polynomial-time combinatorial algorithm.
In Example 3, there are two known algorithms, [6] and [1], for finding a split. The
approach in [6] is essentially the one described above for the general case, except
that an ordinary matroid intersection algorithm can be used as a subroutine to
obtain an efficient combinatorial algorithm. The algorithm of [1] is a quite different
recursive method, and is also more efficient. Tan [12] has further developed this
approach. In Example 2 the initial function can be handled by simple graph connec-
tivity methods. To solve the weighted hypergraph problem, we proceed as follows.
Construct the bipartite graph corresponding to the hypergraph H and give each
vertex ve€l capacity w,, each vertex ecFE infinite capacity, and each edge infinite
capacity. For disjoint sets B, C of E, a partition {E, Ez} of E with BCE,,
CCE, and f(E)+f(E,) minimum can be found by a minimum capacxty (vertex)
cut calculation. Therefore we can compute ¢, and find a split, if one exists, with
polynomially many such calculations.

The existence of efficient algorithms to construct a prime decomposition of
a given function follows easily from the existence of such algorithms for finding
splits. Constructing efficiently the “standard” decomposition of Theorem 8 is
harder. One needs to be able to recognize when a decomposition consisting of
prime brittle and semi-brittle functions is a strict refinement of another such de-
composition. This can be done with the help of Theorem 9. The standard de-
composition of f is useful, partly because it provides a representation for all the
splits of f, even though these may be exponentially many. For example, there
exist polynomial-time algorithms to solve the following problems. Given an integer %,
find (if possible) a split {E;, E;} of f such that |E,|=k=|E,|. Determine the
number of splits of f.
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